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Abstract 
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1 Introduction 

The standard geometric structures underlying the covariant Lagrangian description of first-order 

Field Theories are first order jet bundles J^E ^ E ^ M and their canonical structures IH, Q, 
@, 1 15], 1 19], ]23], [28|. Nevertheless, for the covariant Hamiltonian formalism of these theories 
there are several choices for the phase space where this formalism takes place. Among all of them, 



only the multisymplectic models will deserve our attention in this work. So, in J 11], [12|, |17] and 



]24], (see also [^], [^] and |T^) the multimomentum phase space is taken to be A4tt = A™T*i?, 
the bundle of m-forms on E (m being the dimension of M) vanishing by the action of two vr- 
vertical vector fields. In §, Q, @ and Q use is made of J^vr* = AI'T* E / Al^T* E as the 
multimomentum phase space (where A'q^T*E is the bundle of vr-semibasic m-forms in E). Finally, 
in |], g, §, PI, and pH] the basic choice is the bundle U = 7t*TM (g, V*(7r) (g> 7r*A"'T*M (here 



V*(7r) denotes the dual bundle of V(7r): the tt- vertical subbundle of TE) which, in turns, is related 
to J^E* = iT*TM (g) T*E (g) 7r*A'"T*M. The origin of ah these multimomentum bundles is related 
to the different Legendre maps which arise essentially from the fiber derivative of the Lagrangian 
density (see Section ^) . 

All these choices have special features. So, Mir and J^E* are endowed with natural multi- 



symplectic forms. In works such as [12], the former is used for obtaining the Poincare-Cartan 
form in J^E, which is needed for the Lagrangian formalism. This is done by defining the suitable 
Legendre map connecting J^E and Aiir. On the other hand, the dimensions of J^E and Aiir and 
J^E* are not equal: in fact, dim Mn = dim J^E + 1 and dim J^E* = dim J^E + (dim M)^; 
but dim n = dim J^vr* = dim J^E and the choice of both J^vr* and 11 as multimomentum phase 
spaces allows us to state coherent covariant Hamiltonian formalisms for Field Theories. Finally, 
the construction of J^vr* is closely related to Mir, but their relation to 11 and J^E* is not evident 
at all. 

Hence, the aim of this work is to carry out a comparative study of these multimomentum 
bundles, and introduce the canonical geometrical structures of Aiir and J^E*. In every case, the 
corresponding Legendre map is also defined. An interesting conclusion of this study is that the 
multimomentum bundles J^ir* and H are canonically diffeomorphic. Finally, using the different 
Legendre maps, we can classify Lagrangian systems in Field Theory into (hyper)regular and almost- 
regular, from different but equivalent ways, attending to the characteristics of these maps. 

All manifolds are real, paracompact, connected and C°°. All maps are C°°. Sum over crossed 
repeated indices is understood. 



2 Multimomentum bundles 

Let tt: E ^ M he a fiber bundle (dim E = N + m, dim M = m), n^: J^E E the first order jet 
bundle of local sections of tt, and vf^ = vr o vr \ J^E is an affine bundle modeled on tt*T*M (g) V(7r). 

A local chart of natural coordinates in E adapted to the bundle E ^ M will be denoted by 
{x^jy"^). The induced local chart in J^E is denoted by {x^ , y"^ , v^}) . 

Definition 1 The bundle (over E) 

J^E* := TT*TM ®E T*^ (^E vr*A""T*M 

is called the generalized multimomentum bundle associated with the bundle tt: E ^ M . We denote 
the natural projections by p^: J^E* ^ E and := ir o p^ : E* — > M. 
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The local system {x^, y^) induces a local system of natural coordinates {x^, 
as follows: if y G J^E*, with y ^ y ^ x,we have that 

d 



dxi^ 



{f}^dx'' + g'Xdy\®d^x\y 



(where d"^x = dx^ A . . . A d.x™), and therefore 
x'^(y)=X^(7ropl)(y)) 



y^(y) = y^(/5'(y)) 



^®d'^x 



9a 



(where 9-x^Aa...A^ 



dx'^' 



(1) 



Definition 2 T/ie bundle ( over E ) 

n := 7r*TM 0^; V*(7r) ®e 7r*A"^T*M = |J T^^y^M ® V*(7r) ® A"'T;(^)M 

is called the reduced multimomentum bundle associated with the bundle Tr:E^ M. We denote the 
natural projections by p^:Il ^ E and := tt o p^: 11 — > M. 

Prom the local system {x^,y^) we can construct a natural system of coordinates (ic'^, y"^, p^) 
in n as follows: considering y G 11, we write 



x^{y) = x>^{p\y)) ■ y\y) = y\p\y)) ; v'\{y) = y (dx^, ^ A . . . A 



d 



d 

and denoting the dual basis of -^—^ in V*(7r) by {C"^}; an element y G 11 is expressed as 



The relation between these multimomentum bundles is given by the (onto) map 



S : J^E* 

(x^j/^,p^^,p;:) H 

which is induced by the natural restriction T*E —>■ V*(7r). 



n 

{x'',y^,p>X) 



Definition 3 Consider the multicotangent bundle K^T*E. Then, for every y E E we define 

ATT;E := {7 G A"*T;£; ; iiui)iiu2h = 0, ui,U2e Vyin)} 
The bundle ( over E ) 

Mtt = A'l'T*E := y Af T;^; = |J {{y, a) ; a G Af T;^;} 

yeE yeE 

will be called the extended multimomentum bundle associated with the bundle Tr:E^ M. We 



denote the natural projections by k^iMtt E and k^: TWtt — ^ M. 
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The local chart {x^,y^) in E induces a natural system of coordinates {x^,y^,p,p'^) in A4tt. 
Hence, if y G Mir (with y y A x), it is a m-covector whose expressions in a natural chart is 

and we have that 



xf^iy) = x^^iy) , /(y) = y\y) , p{y) = y{d^x) = A , p^^{y) = ^ A d^-^x^^^ = \>X 

(where ^'^-^x^' = i{dx^')^'^x). 

Another usual characterization of the bundle TWvr is the following: 

Proposition 1 Mt: = K^T*E is canonically isomorphic to AS{J^E,tt*A'^T*M). 

( Proof) It is a consequence of Lemma ^ of the appendix, taking G = TyE, H = T^M , F = Vy(7r), 
and T, = JyE, and then observing that the sequence (^) is 

— > Vy(7r) ^ TyE T^M — > 
(See also [|). ■ 
Comment: 

• Given a section F: E —)■ J^E of vr^, in the same way as it is commented in the Lemma ^ of 
the appendix, we have an splitting 

Aff [J^E, 7r*A™T*M) ~ 7r*A™T*M (7r*A™T*M ® V*(7r)) 

and them dim (A^Tr)^ = dim Uy + 1, for every y ^ E. 

We can introduce the canonical contraction in J^E*, which is defined as the map 

L : J^E* = TT*TM (g) T*E O 7r*A™T*M — > A'^T*E 

y = Uk®a^®X ^ a'' A vr* z(nfc)x 

In a natural chart {x^,y^,p'^,p'X) ™ J^E*, bearing in mind ([l|), we obtain 

^y) = (//fdx- + g>^dy% A i (^^) d^xj^ = (//^d^x + ^d/ A d™" 



m 



(where d" = i (-^— ) d™x . Remember that denotes ). 



V5x'^ , 

Therefore, the relation between the multimomentum bundles Mir and J^E* is: 



Proposition 2 Mir = l{J^E*). (We will denote lq-.J^E* — > Mtt the restriction of i onto its 
image Adir). 

( Proof ) For every y E we must prove that 

iiJ^E*)y = {7 G A"^T:^ ; i{u,)i{u2h = , ui,U2 G Vy(7r)} = A^^T^^; 
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In fact; if y G J^E*, 7 = i(y) and ui,U2 G V^vr, in a local chart we have 

i(ni) i{u2My)) = Urn) i{u2Kp:{y)d^x + p'Xiy)dy^ A d^-'x^)y = 

and conversely, if 7 G A^TyE satisfies the above condition, then 7 = (Ad™x + X'^dy^ A d'"~^x^j)j^, 
therefore 7 = t(y), with 



d 

y 



ff-(dxi + ... + dx"^) + A^;d2/^ 
y \\m 



(8)d"x|,, 



Sx'' 

(Observe that Af T*S is canonically isomorphic to T*E A 7r*A™-iT*M). ■ 
Note that, in natural coordinates, we have 

i:y = {x^, y^, p^, p^ ^ y = {x^,y^, V% P = 

The sections of the bundle 7r*A™'T*M E are the vr-semibasic m-forms on E. Therefore we 
introduce the notation K^'T*E = tt*N^T*M, and then: 

Definition 4 The bundle ( over E ) 

jV* := K'^T*E/K^T*E = Mvr/AJJ^T*^ 

will be called the restricted multimomentum bundle associated with the bundle tt:E^ M. We 
denote the natural projections by k^: J^tt* — >• E and := tt o k^: J^tt* M . 

The natural coordinates in J^vr* will be denoted as {x^,y^,p'^). 

The relation between the bundles Mtt and J^vr* is given by the natural projection 

// : 7W7r = AfT*S — > KfT*E/N^T*E = J^n* 
(x'^,y^,p^,p) ^ {x>',y^,p'X) 

Finally, the relation between the multimomentum bundles 11 and J^vr* is: 

Theorem 1 The multimomentum bundles J^n* and 11 are canonically diffeomorphic. We will 
denote this diffeomorphism by J^tt* — > 11. 

( Proof) By Proposition]^, we have that A'f'T*i? = Mn is canonically isomorphic to Aff ( J^E', A™'T*M). 
On the other hand, taking G = TyE, H = TxM, F = Vy(7r), and S = JyE in Lemma ^ of the 
appendix, we obtain 

Aff(Jj)^,A'"T*M)/A'"T*.M ~ T^.M (g) V*(^) A'^T^M 

Therefore, extending these constructions to the bundles we have 

J^TT* ~ Aff(J^S,7r*A™T*M)/7r*A™T*M ~ 7r*TM ® V*(7r) 7r*A™T*M := H 



Remark: 
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• As is known, a connection in the bundle vrii? — > M, that is, a section r:E—>- J^E of vr^, 
induces a hnear map F: V*(7r) T*E and, as a consequence, another one 

r : 7r*TM® V*(7r) O A'^T*M ^ _ Af T*£; 

n(g)a(g)^ 1-^ r(a)Ai(n)^ 

In this way, we can get the inverse map iZ'"^ by means of a connection: it is the composition of 
r with /u: AfT*E A^-T* E / A'q'T* E . Nevertheless, 1^"^ is connection independent because, 
given two connections Fi, the image of Fi — F2 is in Aq^T*E C A]"T*£'. 

Next, we give the coordinate expression of this diffeomorphism. First, let us recall that the 
natural coordinates in E produce an affine reference frame in J^E as follows: if TT{y) = x, take 
yo,yA ^ as 

yo = {^■.M^E;^ix) = y,T,^(4:,] = f ^) } 

y 

d 

+ 



y^A = {4>:M ^E; 4>{x)=y ,T,4>{£^^ 



d \ d 



dxi^ 



dy' 



y 



(Observe that yo is the 1-jet of critical sections with target y); then we obtain y—yo = yo); 
for every y G JyE. 

An affine map (p: J^E ^ A^T*E is given by = {Lp{yQ), (p) (where p denotes the linear part of 
(^), then 

p{y) = f{yo) + (p{vj{y){y^^ - yo)) = f{yo) + v^{y)<f{y'^ - yo) 
Denoting by q the fiber coordinate in 7r*A™'T*M = A™T*i?. We have 

qim) = i^mid'^x) + v^mivl - yo)id"'x) = A + v^{y)X^^ 

Then we have an affine coordinate system in AE(J^ E, Aq^T* E), denoted (g, (7^), with 

q{f) = qifim)) , q/iif) = Qi'fivA - yo)) 

and hence p = (^,/^), with / = q{ip), = q^i^P) o'^; what means the same thing, ip{v^) = 

(/ + z>;^)d-x. 

Now, let y G J^E, with y ^ y x. Consider the map 

T : AfT*E — > AS{J^E,A'l^T*E) 

V '-^ '^(v) ■ y ^ {(P*^)y 

(introduced in Lemma |3| of the appendix), where i;^: M — > is a representative of y, with (/>(x) = y. 
If /3 = {Xd'^x + A^dy^ A d^-ix^)^, G AfT*E, then 



Therefore we obtain 

(T(/3))(y-) = {<p*P)y = ((A + A>;^(y))d-x), 
that is, T(/3) = (A,A^) or, what is equivalent, 

q{Tif3)) = p{P) = A , q^Ai'^m = p'XiP) = X^A or T*q = p , T*q'^ = p'^ 

Thus T is a diffeomorphism in the fiber, and therefore a diffeomorphism, since it is the identity on 
the base. 
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Finally, we have the (commutative) diagram 

T 

AfT*E/Al^T*E -> AS{J^E,A}^T*E)/A}^T*E 

and, for proving that T goes to the quotient, it suffices to see that T(Ao'T*£') C AqT*E. To show 
this we must identify A^T*E as a subset of both Af T*£; and AS{J^E, A^T*E). In A^T*E we have 
that the elements of Aq^T*£' are characterized as follows: P G A'q'T*E iff, for a natural coordinate 
system {x^,y^,p,p'^), we have = 0. On the other hand, as a subset of Aff ( J-'^ii^, A™T*£^), 

A^T*E = {ipe AS{J^E, AS"T*E) ; 99 = constant} = {if e AS{J^E, A'^'T*E) ; ^ = 0} 

{(p denotes the linear part of (/?), or equivalently, for an affine natural coordinate system 

A^T*E = {99 G Aff(J^^, AJJ^T*^) ; ^^(y.) = 0} 

And, from the local expression of T, we obtain that T{A^T*E) = Aq^T*^^. As a consequence 
of this, if are the fiber coordinates in J^vr* = Af T*£;/Ag^T*£;, and p^ are those in 11 = 
A^{J^E,A'^T*E)/A'^T*E, we have that 

and, consequently, in these natural coordinate systems, the diffeomorphism ^ is the identity. 

3 Canonical forms in the multimomentum bundles 

The multimomentum bundles J^E* and ^A^: are endowed with canonical differential forms: 

Definition 5 The canonical m-form of J^E* is the form Q G f2'^{J^E*) defined as follows: if 
y G J^E* and Xi,...,Xm G X{J^E*), then 

e(y; Al,. . . , A^) := L{y){Typ\Xi),.. . ,Typ\Xm)) 

The canonical (m + l)-form of J^E* is h := -dG G f2'^+'^ {J^ E*) . 

In a natural chart in J^E* we have 

e = p;^d"^x + p^dy^ A d"^-^x^ 

n = -dp;^ A d'^x - dp|^ A d/ A d"^-ix^ 

Remark: 

• As is known the multicotangent bundle A'"T*£' is endowed with canonical forms: G 
n"'{A'^T*E) and the multisymplectic form fl := -d© G f2"'+'^ {A'^T* E) . Then, it can be 
easily proved that = 

Observe that Mir = A™T*£^ is a subbundle of the multicotangent bundle A^T*E. Let 
?: Ai-T*E ^ A™'T*ii; be the natural imbedding (hence ? o = 0- Then: 
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Definition 6 The canonical m-form of Ain is := <;*& G i7™(A^7r). It is also called the multi- 
momentum Liouville m-form. 

The canonical (m + l)-form of Aiir is = —dQ G f2^~^^ (Adn) , and it is called the multimo- 
mentum Liouville (m + l)-form. 

The expressions of these forms in a natural chart in TWvr are 

n = -dp A d™x - dp^^ A d/ A d"^-^X;, 

Then, a simple calculation allows us to prove that is 1-nondegenerate, and hence {A4tt, Q) is a 
multisymplectic manifold. 

Remark: 

• Considering the natural projection k^: A™T*£^ E, then 

&{iy,a);Xi,.. .,Xra) := a(y; T(j^^a)K^(Xi), . . . , T(j^^„)K^(Xm)) 
for every {y,a) G AfT*E (where y G and a G AfT*yE), and Xi G X{AfT*E). 

The canonical m-forms G and Q can be characterized alternatively in the following way: 

Proposition 3 1. @ is the unique p^-semihasic m-form in J^E* such that, for every section 
lip: E E* of p, the relation ip*Q = io i/j holds. 

2. Q is the only k^-semibasic m-form in Adir such that, for every section (p: E A]"T*£' of k^ , 
the relation (j)*Q = (p holds. 

( Proof) 

1. Prom the definition of it is obvious that it is /5^-semibasic. Then, for the second relation, 
let y G and ui, . . . , Um G TyE; therefore 

Ul , • • • , Ufn 

) = 0(V'(y);Tj^^(^ii), • • • ,Ty^(txm)) 

Conversely, suppose that G f2'^{J^ E*) verifies both conditions in the statement. We will 

prove that is uniquely determined. Let y G J^E*, with y —>■ y —>■ x, and vi, . . . ,Vm G 
TyJ^E*. We can suppose that vi, . . . ,Vm are linearly independent and that 

(«!,..., Vm) n Vy(7r o p^) = {0} (where {vi, . . . , Vm) denotes the subspace generated by these 
vectors), for in other case 0(y; ui, . . . , Vm) = 0. Then, by the Lemma |l| (see the appendix), 
there exist ui, . . . , Um G Ta;M and a local section ip-.M^J^E* of vr o p^, such that '4'{x) = y 
and T^x'^{Ufji) = {p = 1, . . . , m), and we have that 

e{y;vi,...,Vm) = @{'ip{y);Ty'il;{ui),...,Tyip{um)) 

= {'4^*&){y;ui,...,Um) = {L0 1p){y;Ui,...,Um) 
Hence 0(y; vi, . . . , Vm) is uniquely determined. 

2. The proof follows the same pattern as the one above. 
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4 Legendre maps 

From the Lagrangian point of view, a classical Field Theory is described by its configuration 
bundle n: E ^ M (where M is an oriented manifold with volume form co € i7™(M)); and a 
Lagrangian density which is a vf^-semibasic m-form on J^E. A Lagrangian density is usually 
written as C = £{Tf^ w), where £ E C°°{J^ E) is the Lagrangian function associated with C and uj. 
Then a Lagrangian system is a couple {{E , M ; ir) , £.) . The Poincare-Cartan m and (m + l)-forms 
associated with the Lagrangian density C are defined using the vertical endomorphism V of the 
bundle J^E: 

Qc:=i{V)C + £ = 9c + Cen"\J^E) ; flc := -dOc e n'^+^J^E) 
In a natural chart in J^E, in which vf^'a; = d^x, we have 

n . A . I'm — I 



v^dv^ A d-x + - + — — ^ dy^ A d-x 



(For a more detailed description of all these concepts see, for instance, |], ||, 0, @, fH). 

For constructing the Hamiltonian formalism associated with a Lagrangian system in Field The- 
ory, the Legendre maps are introduced. Then, depending on the choice of the multimomentum 
bundle, we can define different types of these maps, as follows: 



Definition 7 Let {{E, M;tt), C) be a Lagrangian system, and y € J^E, with y^ y 



X. 



1. Let T> C TJ^E be the subbundle of total derivatives in J^E (which in a system of natural 

coordinates in J^E, is generated by + ^/^^~4 J )■ have that '7t^*TE = 7r-'^*V(7r) ©P 

with T^yE\y = Vy7r|j^©I?y (see ^2^1 for details). Hence there is a natural projection a: 'k^*TE — >■ 
7r"^*V(7r), and we can draw the diagram 

TyJ^E = Vgvri ~ (T*M ® \yTT)y ^Ml . (A'"T*M)g 

Id (g) ay 

{TlM0TyE)y ^ 

Then, the generalized Legendre map is the C°°-map 

FC : J^E -> J^E* 

y I— 5- DyCy o (Id (8) (T)y 

2. The reduced Legendre map is the C°°-map 

FC : J^E -> n 
y ' * ^y^y 
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where the map TyCy is defined from the following diagram (where the vertical arrows are 
canonical isomorphisms given by the directional derivatives) 



T-f 



J-yt-y 



T*M (g) YyTT 



(FC is just the vertical derivative of C Pq])- 
3. The (first) extended Legendre map is the C°°-map T L: J^E ^ Mtt given by 

The (second) extended Legendre map is the C°°-map T L: J^E — > A^vr given by 



4- The restricted Legendre map is the C°°-map T C: J^E H given by 

T L := fj,o T L = /i o TC, 



If y G J^E^ with 7r^(y) = y, using the natural coordinates in the different multimomentum 
bundles, we have: 



(y)dy^ A d 



d£ 

— (y)dy^ A dT-'x, +{£- v^m-^{y)d^x 
dv^ y dv^ 

f)P ftp 



d£ 
d£ 



(y) 



(y) 



d 
^x^^ 

d 
dxi^ 



® (dy^ - v^{y)dx'') d"x 

(g)C^0 d"x 



that is, the local expressions of the Legendre maps are the following: 



J'C*x'' 


= xi" 


TC*y^ 


= yA 






— j^fi 


TTy^ 


= yA 




Ttx^ 


= 


TTy^ 


= yA 








Fl*y^ 


= y^ 








YCy^ 


= y^ 





d£ 

d£ 

d£ 
dvj 
d£ 
dv^ 
d£ 
dvft 



FC*p = £-v^^ 



TL p-- 



„,Ad£ 
_„,A d£ 



Remarks: 



Taking into account all the above results, it is immediate to prove that FC = 5 o FC (see 
diagrams (pi) and (0)), and F/: = o jc-/:. 
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It is interesting to point out that, as @c ^md 6c can be thought as m-forms on E along the 
projection vr^: J^E E, the extended Legendre maps can be defined as 

where Zi, . . . , Zm G T^i(^y-^E, and Zi, . . . , Zm G Ty.PE are such that Tyir^Z^ = Z^. 

In addition, the (second) extended Legendre map can also be defined as the "first order 



vertical Taylor approximation to £" y], |12]. 



Finally, we have the following relations between the Legendre maps and the Poincare-Cartan 
(m + l)-form in j'^E (which can be easily proved using natural systems of coordinates and the 
expressions of the Legendre maps) : 

Proposition 4 Let {(E , M ; it) , C) be a Lagrangian system. Then: 



j^c e = Qc 
= ec-c = ec 

Fxe = Qc-C = 9c 



TC n = nc 

FC*n = nc-dC = -dOc 



Remark: 



• Observe that the Hamiltonian formalism is essentially the dual formalism of the Lagrangian 
model, by means of the Lagrangian density. Then, as J^E is an affine bundle, its affine 
dual can be identified with Aff ( J^£^, 7r*A™T*M) ~ Alvr, whose dimension is greater than 
dim J^E, and hence Aff {J^E,tt*A'^T*M)/A^T*E ~ J^tt* is more suitable as a dual bundle 
(from the dimensional point of view). Then, the canonical forms and in Aiir, and Q 
and Q, in J^E*, can be pulled-back to the restricted and reduced multimomentum bundles 
J^TT* and n, using sections of the projections //:A^7r — > J^vr* and 6:J^E* — > II, respec- 
tively In this way, the reduced and restricted multimomentum bundles are endowed 
with (non-canonical) geometrical structures (Hamilton-Cartan forms) needed for stating the 
Hamiltonian formalism. 

In addition, connections in the bundle n: E ^ M induce linear sections of fi (and 5) |^], Q, 
g, m, and it can be proved that there is a bijective correspondence between the set of 



connections in the bundle tt: E ^ M, and the set of linear sections of the projection fi. 

Hence, all these results, together with Theorem ^, allows us to relate two of the most usual 
Hamiltonian formalisms of Field Theories [|6tl . 



5 Regular and singular systems 

Following the well-known terminology of mechanics, we define: 

Definition 8 Let {(E , M ; it) , C) be a Lagrangian system. 

1. {{E , M ; it) , C) is said to be a regular or non-degenerate Lagrangian system if TC, and hence, 
F£ are local dijjeomorphisms. 

As a particular case, ({E , M ; tt) , C) is said to be a hyper-regular Lagrangian system if TC, 
and hence F£, are global diffeomorphisms. 
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2. Elsewhere {{E , M ; tt) , C) is said to be a singular or degenerate Lagrangian system. 

Proposition 5 Let {(E , M ; tt) , C) a hyper-regular Lagrangian system. Then: 

L F£{J^E) is a m? -codimensional imbedded submanifold of J^E* which is transverse to the 
projection 6. 

2. J'C{J^E) and J-C{J^E) are 1- codimensional imbedded submanifolds of Mt: which are trans- 
verse to the projection /x. 

3. The manifolds J^vr*, TC{J^E), TL{J^E), FC{J^E) and U are dijjeomorphic. 

Hence, FC, J-C and TC. are diffeomorphisms on their images; and the maps /u, restricted to 
!FC.{J^E) or to TC{J^E), and lq and 6, restricted to FC{J^E), are also diffeomorphisms. 

( Proof ) 

1. If £ is hyper-regular then FC is a diffeomorphism and hence, as FC = FC o 5, we obtain that 
FC is injective and FC{J^E) is transverse to the fibers of 5. 

2. The proof of this statement is like for the one above (see also [pl| ). 

3. It is a direct consequence of the above items. 

■ 

In this way we have the following (commutative) diagram 




Observe that there exists a map fi': FC{J^E) C AA.'k TC{J^E) C M-tt, which is a diffeomorphism 
defined by the relation J^C = fi' o TC, and /i o /i' = /i on TC{.J^E). 

For dealing with singular Lagrangians we must assume minimal "regularity" conditions. Hence 
we introduce the following terminology: 

Definition 9 A singular Lagrangian system {{E , M ; ir) , C) is said to be almost-regular if: 

1. V := J-C{J^E) and P := FC{J^E) are closed submanifolds of J^ir* and H, respectively. 
(We will denote by jq: V ^ J^ir* and jq: P ^ 11 the corresponding imbeddings). 
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2. T L, and hence FC, are submersions onto their images. 

3. For every y £ J^E, the fibers J^C^^{J^C{y)) and hence F£^^(F£(y)) are connected subman- 
ifolds ofJ^E. 

(This definition is equivalent to that in reference |21], but slightly different from that in refer- 



ences [| and H). 

Let {{E , M ; tt) , C) be an almost-regular Lagrangian system. Denote 

V:=TC{J^E) , V:=TC{J^E) , P:=FC{J^E) 
Let Jo- 'P ^ A^vr, Jq: V ^ A4-K, jq: P ^ J^E* be the canonical inclusions, and 

the restrictions of the maps fi, lq, 6 and the diffeomorphism 1^, respectively. Finally, define the 
restriction mappings 

J^Cq: J^E V , TCq: J^E^V , TCq: J^E V , FCq: J^E P , F^q: J^E P 

Proposition 6 Let {(E , M ; it) , C) be an almost-regular Lagrangian system. Then: 

1. The maps and jl are diffeomorphisms. 

2. For every y £ J^E, 

fCo'\fXom = TC^\TCo{y)) = ¥C^\¥Co{y)) (3) 

3. V and V are submanifolds of Mtt, P is a submanifold of J^E*, and jq-.V M.it, %:V ^ 
M.T:, ]q:P '—^ J^E* are imbeddings. 

4- The restriction mappings T L^, TLq and F£o o,^^ submersions with connected fibers. 



( Proof ) iP'o is a diffeomorphism as is ^. 

The second equality of (^) is a consequence of the relation FCq = o TCq. 

For the proof of the first equality of @, and of the assertions concerning /i, V and J^Cq, see 



1 21 1 and [22|. Then, the proofs of the other assertions are similar. 
Thus we have the (commutative) diagram 




V 



Jo 



Mtt 
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where fi'iV V is defined by the relation jl' := fl ^ o fi. 
Remarks: 



The fact that /i is a difFeomorphism is particularly relevant, since it allows us to construct a 



Hamiltonian formalism for an almost-regular Lagrangian system |22 



• It is interesting to point out that the map ft (which is related with the Legendre map J-Cq) is 
not a difFeomorphism in general, since rank^^Co ^ rankJ^C^ = rank j as is evident from 
the analysis of the corresponding Jacobian matrices. 



The matrix of the tangent maps TC^ and YC-t in a natural coordinate system is 



/ Id 




Id 







Id 

. d'^£ d'^£ d^£ 



is the partial Hessian matrix of C. Obviously, the regularity of 



where the sub-matrix „ . 

C is equivalent to demanding that the partial Hessian matrix . is regular everywhere in 

\dv^dv^ J 

J^E. This fact establishes the relation to the concept of regularity given in an equivalent way by 
saying that a Lagrangian system {{E , M ; tt) , C) is regular if is 1-nondegenerate (elsewhere it is 
said to be singular or non-regular). 



Conclusions 

• We have reviewed the definitions of four different multimomentum bundles for the Hamilto- 
nian formalism of first-order Classical Field Theories (multisymplectic models) . The so-called 
generalized and reduced multimomentum bundles are related straightforward from their def- 
inition, and the same thing happens with the generalized and restricted multimomentum 
bundles. The first goal of this work has been to relate both couples, proving that the reduced 
and restricted multimomentum bundles are, in fact, canonically diffeomorphic. In natural 
local coordinates, this difFeomorphism is just the identity. 

• The canonical forms which the generalized and the extended multimomentum bundles are 
endowed with, have been defined and characterized in several equivalent ways. 

• Given a Lagrangian system in Field Theory, we have introduced the corresponding Legendre 
maps relating these multimomentum bundles to the first-order jet bundle associated with this 
system. Some of them, the generalized and reduced Legendre maps, are defined in a natural 
way as fiber derivatives of the Lagrangian density, being the other ones obtained from those. 
The relation among all these maps has been clarified. 

• Regular and almost-regular Lagrangian systems are defined and studied, attending to the 
geometric features of the Legendre maps. In this way, the standard definitions existing in the 
usual literature are extended and completed. 



A 



Appendix 
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Lemma 1 Let tt: F ^ N be a differentiahle bundle, with dim N = n and dim F = n + r, and 
p (z F with q = tt{p). Let vi, . . . ,Vh € TpF (h < n), such that: vi, . . . ,Vfi are linearly independent, 
and {vi,. . . ,Vh) H Vp(7r) = {0}. Then: 

1. There exist Xi, . . . , Xh G XiW), for a neighborhood W d F of p, such that: 

(a) Xi, . . . ,Xh are linearly independent, at every point ofW. 

(b) Xi, . . . ,Xh generate an involutive distribution in W . 

(c) Xi{p) = Vi, (i = l,...,h). 

(d) . . n V,(7r) = {0}, for every x&W. 

2. There exists a local section 7 o/vr, defined in a neighborhood of q ^ N , and ui,. . . ,Uh € TqN 
such that: 7(g) = p, and Tpj{ui) = Vi, (i = 1, . . . ,h). 

( Proof) Let 'Wh+i, . . . ,Vn € TpF, such that Tp = Vp(7r) © (f 1, . . . , Vn)- Let (W, ip) be a local chart 
of F at p, adapted to tt. We have 93: — >■ f/i x C/2 C x R''. Let ei, . . . , e„ and e„+i, . . . , e^+r be 
local basis of and W, respectively. Then 

{Tpip{vi), . . . , Tpip{vn)) = (ei, . . . , e„) (5) 
T^ipiV^^n)) = (e„+i, . . . , Cn+r) , ^x eW 

Let Zi, . . . , Zn € X(C/i X U2) be the constant extensions of Tp^p{vi), . . . , Tpip{vn) to Ui x U2- We 
have that [Zi, Zj] = 0, Vi, j. Finally, let Xi, . . . , Xn € X{W), with Xi = (p*Zi, therefore: 

1. Taking Xi, . . . ,Xh, {h < n), conditions (l.a), (l.b) and (l.c) hold trivially (by construction), 
and condition (l.d) holds as a consequence of (|5|). 

2. Observe that Xi,. . . ,Xn G X{W) generate the horizontal subspace of a connection defined 
in the bundle vr: — > 'tt{W), which is integrable because the distribution is involutive. Then, 
let 7 be the integral section of this connection at p. Therefore 7(g) = p, and the subspace 
tangent to the image of 7 at p is generated by wi, . . . , f„. Hence, there exist ui, . . . ,Un such 
that Tg7(«i) = Vi. 



Now, let A be an affine space modeled on a vector space S, and T another vector space, both 
over the same field K. Let Aff (^, T) be the set of affine maps from A to T; that is, 

maps if: A ^ T such that there exists a linear map (p: S ^ T verifying that ip{a) — (p{b) = 
ip{a — b); for a,b £ A. Then: 

Lemma 2 1. There is a natural isomorphism between AS(A,T)/T and 5"* (8) T (and then 
dim AS{A, T) = dim {S* T) + dim T = dim r(dim 5 + 1);. 

2. There is a canonical isomorphism between Aff(A, T) and AS{A,K) T. 

( Proof) Aff(yl, T) is a vector space over K with the natural operations. The map A: Aff(yl, T) — >■ 
5* (8) T, which assigns ip to every cp, is linear and we have the exact sequence 

— >T ^ Aff (A, T) ^ S* ®T — ^ 
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where, if t G T, then j{t): A ^ T is the constant map (j(t))(a) = t, for every a E A. Therefore we 
have a natural isomorphism AS{A,T)/T ~ 5* (8) T and then 

dim AS{A, T) = dim {S* ® T) + dim T = dim r(dim S + 1) 

Moreover, for yo G A, there exists an sphtting Aff {A, T) 2± T © {S* (g) T) given by the following 
retract of the above exact sequence 

jy, : S*^T ^ Aff (AT) 

^ ipo: ip{y - yo) 

On the other hand, we have the bilinear map 

AS{A, K)xT — > AS{A, T) 

{a,t) to: a 1-^ a{a)t 

and hence we can define the following morphism 

AS{A,K)®T — > Aff(^,r) 

which is injective because we can assume that the vectors Ui are linearly independent, and both 
spaces have the same dimension. Therefore Aff (A, T) and Aff (^4, K)®T are canonically isomorphic. 

■ 

If (si, . . . , Sjn) is a basis of S, (cr^, . . . , a™) is its dual basis and (ti, . . . , t^) is a basis of T, then 
taking an affine reference in A, {ti,ti o"-') is a basis of AS{A,T), as vector space. 

Now, let G, H be finite dimensional vector spaces over K, and F a subspace of G. Consider the 
exact sequence 

— > F ^G ^ H — ^0 (6) 

The set 

E = {a: H ^ G ; a linear ,it o a = Idn} 

is an affine space modeled on L{H, F) = H* ® F. In fact, if o" € S and A G H* F, then o" + A G S, 
since tt o A = 0. Furthermore, if a, G S, then tt o (a — /i) = 0, and hence a — ji ^ H* F. 

If dim H = m, taking the space Aff (E, A^H*), and 

according to the second item of the above Lemma, we have that Aff (E, A^'i?*) 2± Aff(E,ii') ® 
A^iJ*, and then dim Aff(E,A'"ff*) = dim Aff(E,ii:) = dim(i?* ® F) + I. Now, consider the 
subspace 

A5"G* = {ae A"*G* : i{u) i{v)a = , u,v e F] c A'^G* 
Lemma 3 The spaces Aff (E, A"*ii"*) and A^G* are canonically isomorphic. 

( Proof) If (/I, ... ,D is a basis of F and 5^ . . . , c/™ G G such that (/\ ...,f,g^,.. . ,5"*) is a 
basis of G, then A^^G* is generated by (5-*^ A ... A p™, P A g^^ A ... A g^""-^) (with 1 < ii < . . . < 
im-i < m), therefore dim A^G* = 1 + dim F dim H; that is, dim AfG* = dim Aff (E, A"*iJ*). 
Next, define the linear map 

T : A5"G* — > Aff (E, A^i?*) 

77 I— j> ^(,1]) '■ ^ ^ 

which we want to prove is an isomorphism, for which it suffices to prove that it is injective. Thus, 
suppose that T(r7) = (that is a*r\ = 0, for every a G E), then wc must prove that r) = 0. Let 
g^,. . . ,g"^ G G be linearly independent (so dim L{g^, . . . ,g"^) = m); we are going to calculate 
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1. ULig\...,g"')nT{F)={0}: 

Then G = L{g^ , . . . , g"^) © t{F) and therefore n: L(g^ , . . . , g^) ^ if is an isomorphism. 
Hence, there exist h^, . . . , /i™ G H and a: H ^ G, with vr o o" = Idn, such that it(/i*) = 5*; 
therefore 

ri{g\ . . . , r ) = • • • , = {<T*v){h\ . . . , /i"^) = 

2. IfL(5i,...,5")nT(F)y^{0}: 

(a) Ifdim(L(5i,...,5'")nT(F)) = l: 

In this case there is u E L{g^, . . . , g"^) n t{F), with n 7^ 0, such that L{g^, . . . , g™) = 
L{u, g'^ , . . . , g™) (up to an ordering change), and then there is A; G such that 

nig\...,g^) = kv{u,g\...,g"') 

therefore L{g^, . . . , 5™) n r(F) = {0}. Let (n, u^, . . . , u"') be a basis of F, and 5^ such 
that (n,ni,... 51,52,... ,c/"^) is a basis of G. Then L{f .g"^ , . . . ,g'^) ^t{F) = {0}, 
and hence, as a consequence of the above item, we conclude that 7]{g^ , g"^ , . . . , g"^) = 
0. Furthermore, L{g^ + u,g'^, . . . ,g"^) fl t{F) = {0} because, if this is not true, then 
L{g^,g'^, . . . ,g^) n t{F) / {0}, and hence 7]{g^ + ti,^^, . . . , 5™-) = 0, by the above item. 
Thus 

r^{g^ , . . . , r ) = kiiiu, g\...,g^) = k{r^{g^ + u,g\ . . . ,g"^) - r^{g^ 5-)) = 

(b) If dim(L(5i,. . . , g"^) n t{F)) = s > 1, with s < r = dim F: 

Let (/I , . . . , /^ 5^+1 , . . . , 5") be a basis oi L{g^ , . . . , g"^), with f\...J'£F. Then, as 
?7 G A"^G*, 

r?(<7\...,5") = Wi,...,r,/+\...,r) = 

Then = 0, so T is injective and is a canonical isomorphism between Aff(S, A™//*) and A^^G*. ■ 
Using the first item of Lemma |2| and identifying j4 = S, we conclude: 

Lemma 4 Aff (S, A"if*)/A'^i?* ~ (iJ* F)* (g) A'^F* ^ H ® F* (E) A'^H* . 
Acknowledgments 

We are grateful for the financial support of the CICYT TAP97-0969-C03-01. We wish to thank 
Mr. Jeff Palmer for his assistance in preparing the English version of the manuscript. 

References 

[1] E. BiNZ, J. Sniatycki, H. Fisher, The Geometry of Classical Gelds, North Holland, Amster- 
dam, 1988. 

[2] F. Cantrijn, L.A. Ibort, M. de Leon, "On the Geometry of Multisymplectic Manifolds", 
J. Austral. Math. Soc. Ser. 66 (1999) 303-330. 

[3] J.F. Carinena, M. Crampin, L.A. Ibort, "On the multisymplectic formalism for first order 
field theories", DifF Geom. Appl. 1 (1991) 345-374. 

[4] A. Echeverria-Enriquez, M.C. Munoz-Lecanda, "Variational calculus in several vari- 
ables: a Hamiltonian approach", Ann. Inst. Henri Poincare 56(1) (1992) 27-47. 



A. Echeverria-Enriquez et al, On the Multimomentum Bundles 



17 



[5] A. Echeverria-Enriquez, M.C. Munoz-Lecanda, N. Roman-Roy, "Geometry of La- 
grangian first-order classical field theories". Forts. Phys. 44 (1996) 235-280. 

[6] A. EcHEVERRiA-ENRfquEZ, M.C. Munoz-Lecanda, N. Roman-Roy, "Geometry of Multi- 
symplectic Hamiltonian First-Order Classical Field Theories". DMAT-UPC (1999) (in prepara- 
tion). 

[7] P.L. Garcia, ""The Poincare-Cartan invariant in the calculus of variations" , Symp. Math. 14, 
(Convegno di Geometria Simplettica e Fisica Matematica, INDAM, Rome, 1973), Acad. Press, 
London (1974) 219-246. 

[8] G. GlACHETTA, L. Mangiarotti, G. Sardanashvily, "Constraint Hamiltonian Systems 
and Gauge Theories", Int. J. Theor. Phys. 34(12) (1995) 2353-2371. 

[9] G. GlACHETTA, L. Mangiarotti, G. Sardanashvily, New Lagrangian and Hamiltonian 
Methods in Field Theory, World Scientific Pub. Co., Singapore (1997). 

[10] H. Goldschmidt, S. Sternberg, "The Hamilton-Cartan formahsm in the calculus of vari- 
ations", Ann. Inst. Fourier Grenoble 23(1) (1973) 203-267. 

[11] M.J. Gotay, "A Multisymplectic Framework for Classical Field Theory and the Calculus of 
Variations I: Covariant Hamiltonian formalism", Mechanics, Analysis and Geometry: 200 Years 
after Lagrange, M. Francaviglia Ed., Elsevier Science Pub. (1991) 203-235. 

[12] M.J. Gotay, J.Isenberg, J.E. Marsden, R. Montgomery, J. Sniatycki, P.B. 
Yasskin, Momentum maps and classical relativistic fields I: Covariant Theory, GIMMSY, 1997. 

[13] X. Gracia, "The Fibre Derivative and some of its Applications", Proc. on V Fall Workshop: 
Geometry and Physics, 1996, eds. J.F. Carihena, E. Martinez, M.F. Raiiada. Anales de Fisica 
Monografias RSEF. 4 Madrid (1997) 43-58. 

[14] I. Kanatchikov, "Novel Algebraic Structures from the Polysymplectic Form in Field The- 
ory", GR0UP21, Physical Applications and Mathematical Aspects of Geometry, Groups and 
Algebras, Vol. 2, H.A. Doebner, W Scherer, C. Schulte Eds., World Scientific, Singapore (1997) 
894. 

[15] J. KlJOWSKi, "A Finite-dimensional Canonical Formalism in the Classical Field Theory", 
Comm. Math. Phys. 30 (1973) 99-128. 

[16] J. KlJOWSKi, W. SzczYRBA, "Multisymplectic Manifolds and the Geometrical Construction 
of the Poisson Brackets in the Classical Field Theory", Geometric Symplectique et Physique 
Mathematique Coll. Int. C.N.R.S. 237 (1975) 347-378. 

[17] J. KlJOWSKi, W.M. TULCZYJEW, A Symplectic Framework for Field Theories, Led. Notes 
Phys. 170, Springer- Verlag, Berlin (1979). 

[18] D. Krupka, "Geometry of Lagrangean Structures", Supp. Rend. Circ. Mat. Palermo, ser. II, 
no. 14 (1987) 187-224. 

[19] B.A. Kupershmidt, Geometry of Jet Bundles and the Structure of Lagrangian and Hamil- 
tonian formalisms. Lecture Notes in Mathematics 775, Springer, New York (1980) 162-218. 

[20] M. DE Leon, J. Marin-Solano, J.C. Marrero, "Ehresmann Connections in Classical 
Field Theories" , Proc. Ill Fall Workshop: Differential Geometry and its Applications, Anales de 
Fisica, Monografias 2 (1995) 73-89. 

[21] M. DE Leon, J. Marin-Solano, J.C. Marrero, "A Geometrical approach to Classical 
Field Theories: A constraint algorithm for singular theories", Proc. on New Developments in 
Differential Geometry, L. Tamassi-J. Szenthe eds., Kluwer Acad. Press, 1996, 291-312. 

[22] M. DE Leon, J. Marin, J. Marrero, "The constraint algorithm in the jet formalism", Diff. 
Geom. AppL 6 (1996) 275-300. 



A. Echeverria-Enriquez et al, On the Multimomentum Bundles 



18 



[23] M. DE Leon, P.R. Rodrigues, "Hamiltonian Structures and Lagrangian Field Theories", 
Bol. Acad. Galega de Ciencias VII (1988) 69-81. 

[24] J.E. Marsden, S. Shkoller, "Multisymplectic Geometry, Covariant Hamiltonians and Wa- 
ter Waves", Math. Proc. Camb. Phil. Soc. 125 (1999) 553-575. 

[25] G. Sardanashvily, Generalized Hamiltonian Formalism for Field Theory. Constraint Sys- 
tems, World Scientific, Singapore (1995). 

[26] G. Sardanashvily, O. Zakharov, "On application of the Hamilton formalism in fibred 
manifolds to field theory", DifF. Geom. AppL 3 (1993) 245-263. 

[27] D.J. Saunders, "The Cartan form in Lagrangian field theories", J. Phys. A: Math. Gen. 20 
(1987) 333-349. 

[28] D.J. Saunders, The Geometry of Jet Bundles, London Math. Soc. Lect. Notes Ser. 142, 
Cambridge, Univ. Press, 1989. 



